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1. Introduction
1.1. Modeling hydrogels as swollen polymer networks

Hydrogels are polymer networks that swell and maintain their
structure in the presence of water [1]. Their applications include
biosensing [2,3], controlled drug release [4,5], and regenerative
medicine [6,7]. To improve hydrogel physical and chemical prop-
erties for each of these applications, ongoing synthetic work has
expanded the choices of polymer and crosslinking agent used in
hydrogels as well as the mechanisms for forming a network [8].
These advances motivate improvements to fundamental models of
the relationship between polymer network structure and function.
Quantitative models that relate function to structure efficiently
represent trends in experimental observations and provide gener-
alized explanations for interactions that are too complex to analyze
in a single experiment. However, the established quantitative mod-
els that relate hydrogel structure to physical properties include
inappropriate assumptions for many current hydrogel formula-
tions. For example, the Flory-Rehner equation assumes that all
network junctions are tetrafunctional [9], but junction function-
alities range from a minimum of three up to tens or hundreds of
polymer chains converging to one point [8].

Despite their limiting assumptions, fundamental structure-
property models such as the Flory-Rehner equation facilitate
iterative development. By testing the assumptions and develop-
ing case-specific amendments to the models, researchers have
adapted the fundamental models to their various needs and appli-
cations. Unfortunately, the proliferation of case-specific equations
has limited universal coordination between models and compari-
son between different hydrogel systems. In this work, we propose
a comprehensive set of coordinated amendments to the models
relating hydrogel structure to swelling, stiffness, and solute diffu-
sivity. We call this set of amendments the swollen polymer network
hypothesis to acknowledge its current lack of validation, but we
anticipate that the hypothesis will clarify which modeling assump-
tions need further investigation and ultimately contribute toward
increased precision and efficiency in designing biomedically rele-
vant hydrogel systems.

1.2. Three fundamental theories of swollen polymer networks

The swollen polymer network hypothesis coordinates three fun-
damental theories relating swollen polymer network structure to
physical properties. Rubberlike elasticity theory relates structure to

stiffness, equilibrium swelling theory relates structure to swelling
in solvent, and mesh size theory relates structure to solute diffu-
sivity within the swollen network.

Rubberlike elasticity theory suggests that a stiffness of a poly-
mer network derives from the entropy lost as coiled polymer
chains in the network extend and reduce their number of available
conformations [10]. Treloar’s estimation of shear modulus from
the number of chains in a polymer network (Eq. (1)) [11] makes
rubberlike elasticity theory testable on any polymer network
under any form of applied deformation, but practical application
to hydrogels requires corrections for swollen polymer networks,
non-tetrafunctional networks, and network imperfections. These
corrections are addressed in section 2.

G = vRT (1)

InEq.(1),Gisthe polymer network’s shear modulus, vis the number
of chains in the polymer network, R is the ideal gas constant, and T
is the absolute temperature of the system.

Equilibrium swelling theory estimates the amount of solvent
contained in a swollen polymer network at equilibrium based on
independent free energy contributions [7]. The first quantitative
model of equilibrium swelling theory, the Flory-Rehner equation
(Eq. (2)), compares entropic contribution of mixing polymer and
solvent with the elastic energy created as the polymer network
swells to incorporate solvent [12,13]. Section 3 updates the Flory-
Rehner model of equilibrium swelling to apply to a broader set
of hydrogel systems, including hydrogels with ionic side-chains,
hydrogels crosslinked in the present of solvent, and hydrogels
where the polymer-solventinteraction parameter varies with poly-
mer volume fraction.

1 _ 2 In(l— )+ @5 + x¢?
Mc M, 1 o (2)
led[§053—75]

In Eq. (2), M is the average molecular weight between crosslinks,
M), is the average molecular weight of the polymer chains prior to
crosslinking, ¢s is the polymer volume fraction at swelling equi-
librium, x is the polymer-solvent interaction parameter, V; is the
molar volume of the solvent, and py is the dry density of the poly-
mer network.

Mesh size theory uses swollen polymer network structure prop-
erties to estimate how much solute diffusivity coefficients are
reduced within a hydrogel [14]. Swollen polymer networks reduce
solute diffusivity based on the polymer volume fraction, which indi-
cates the likelihood of a solute colliding with a polymer chain,
and the distance between two connected junctions (the hydro-
gel’s mesh size), which influences whether a network loop is large
enough for the solute to pass through it [15]. Competing models
of mesh size theory emphasize different aspects of the interac-
tions between solute, solvent, and polymer network, leading to
conflicting estimations of solute diffusivity [16]. These theoretical
differences have been magnified by differences in the experimental
techniques used to measure solute diffusivity in hydrogels [17-19].
Further development toward a universal model of mesh size theory
will require simultaneous theoretical and experimental progress.
Section 4 on mesh size theory includes updates on how to estimate
mesh size from other structural parameters, commentary on the
development of mesh size models and the associated experimental
techniques, and arguments for additional structural considerations
to be included in future models of mesh size theory.

The swollen polymer network hypothesis suggests that rub-
berlike elasticity theory, equilibrium swelling theory, and mesh
size theory are fundamentally linked in swollen polymer networks.
Indeed, all three have been used to estimate the average molecular
weight between crosslinks of a swollen polymer network [20,21].
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Therefore, one should be able to use data from swelling, stiffness,
or solute diffusivity in a hydrogel to predict the other two prop-
erties for that hydrogel. However, before this ideal predictive tool
for hydrogel physical properties can be fully realized, each theory
must be coordinated using consistent parameters and thoroughly
cross validated. The swollen polymer network hypothesis takes the
first step toward developing a robust universal model for hydro-
gel design by providing a united framework for three fundamental
theories of structure-property relationships in hydrogel systems.

2. Rubberlike elasticity theory
2.1. Hydrogels behave as phantom-like networks

Although initially developed for solvent-free rubber networks,
rubberlike elasticity theory has contributed to an understand-
ing of the mechanical properties of hydrogels. Erman and Mark
[10] summarized many aspects of rubberlike elasticity applied to
swollen polymer networks with significant updates to the funda-
mental work of Flory and Treloar in Structures and Properties of
Rubberlike Networks. Their discussion centered on the role of entan-
glements and junction motion in deformed polymer networks,
often described in the conflicting affine and phantom deformation
models. The affine network model, used in the Flory-Rehner equa-
tion, suggests that all junction points move in proportion to the
macroscopic deformation. As a result, all macroscopic deformation
can be attributed to chain extension. Flory defended the use of the
affine network model by arguing that a dense network of polymer
chains would entrap the junction so that it would not move without
associated macroscopic deformation [22]. In contrast, the phantom
network model developed by James and Guth [23,24] treats junc-
tions as phantom structures that move independently of chains.
With a phantom network, some of the macroscopic deformation
changes the relative position of junctions, resulting in the individ-
ual chains extending to a lesser extent than the total macroscopic
deformation.

Erman and Mark [10] unified the inconsistencies between
affine and phantom deformation models with the constrained
junction model of Deam and Edwards [25], which interprets
the transition between affine and phantom deformation models
as the effect of chain entanglements constraining the motion
of network junctions. This model provides a generalized tool
for evaluating the effects of entanglement in polymer network
mechanics, but the resulting parameters are too context-specific
for general application to swollen polymer networks. However,
the constrained-junction model presents evidence that the phan-
tom model is more appropriate for swollen networks than the
affine model. Because hydrogels swollen to equilibrium typically
reach less than 20 % polymer volume fraction, the resulting low
concentration of entanglement points facilitates greater motion
of junction points. Furthermore, many hydrogels are synthesized
from polymer chains in aqueous solution. Compared to a melt
state, polymer chains in aqueous solution are much less likely to
be entangled prior to crosslinking, reducing the number of per-
manent entanglements in the resulting polymer network. Based
upon the entanglement-driven interpretation of the constrained
junction model, the phantom network does not fully capture the
deformation behavior of swollen polymer networks, but it is a
better approximation than the affine network model.

Transitioning from the affine network model to the phantom
network model results in the free energy of deformation scaling
with cycle rank () instead of the number of polymer chains (Eq.
(3)). The full derivation for this replacement is available elsewhere
[10]. Cycle rank, originally used in graph theory, describes the num-
ber of connections that need to break to render a network acyclic
(Fig. 1A). In a large, highly connected hydrogel network, the cycle

rank requires both junction functionality (f) and the number of
chains (Eq. (4)). The junction functionality term in Eq. (4) accounts
for how junction motion in a phantom network reduces the stretch
experienced by each chain. A network’s junction functionality is
the number of chains that converge at each network junction [26].

AGyp = %a)RT[I] -3] (3)
In Eq. (3), AG,y, is the free energy change due to deformation based
on a phantom network model and I; is the first invariant of defor-
mation.

a)=(lf%)v (4)

The relationship between cycle rank, junction functionality, and
the number of chains in a polymer network extends the applicabil-
ity of rubberlike elasticity theory. Substituting Eq. (4) into Eq. (3)
shows that free energy scales linearly with the number of chains
even when using the phantom network model. With respect to
overall trends, results obtained using the affine network model
are not invalidated by the inclusion of junction functionality. Fur-
thermore, accounting for junction functionality as an independent
parameter corrects the assumption of tetrafunctional networks,
which does not apply to many hydrogel systems such as multi-
arm poly(ethylene glycol) (PEG) hydrogels [27], end-linked systems
such as poly(ethylene glycol) diacrylate (PEGDA) hydrogels [28],
and dendrimer-crosslinked hydrogels [29] (Fig. 1B).

However, the influence of junction functionality decreases
with increasing junction functionality, with the limit as junction
functionality approaches infinity rendering the phantom network
model indistinguishable from the affine network model (Fig. 1C).
This result is theoretically consistent with understanding that the
motion of a junction with more polymer chains attached will be
more restricted with respect to the motion of the polymer chains.
Taken together, the effects of including junction functionality in
rubberlike elasticity theory through the phantom network model
greatly increases the nuance and range with which the theory can
be studied and applied in hydrogel systems.

2.2. Modeling imperfect swollen polymer networks

Rubberlike elasticity theory-based models start with an
assumption of perfect polymer networks and therefore do not
account for defects that occur in the formation of real polymer net-
works. Real network defects tend to fall under three categories:
permanent entanglement defects, loop defects, and chain-end
defects. Permanent entanglement defects are addressed in the
constrained-junction model of Deam and Edwards [25] that helped
to justify use of a phantom model for swollen polymer networks.

Loop defects form when a polymer chain interacts twice with
one junction or when two or more chains are attached to the same
two functional groups, creating local inconsistencies in hydrogel
mechanical properties. Ongoing work by Johnson and colleagues
to address the effects of loop defects using real elastic network
theory (RENT) have shown that loops that include three or more
network junctions do not cause significant deviations from the
network model [8,30,31]. Full application of RENT in swollen poly-
mer networks would lead to an improved model for the swollen
polymer network hypothesis, but it is not clear if RENT can be uni-
versally applied to all the crosslinking schemes that the swollen
polymer network hypothesis aims to address.

Chain-end defects represent a break in the polymer chain con-
necting two junctions, which can result from termination in the
synthesis of radically polymerized networks, chemical degradation
of a chain in the network, or as a predictable result of the precursor
polymer molecular weight in vulcanization-type network synthe-
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Fig. 1. Under the phantom network model of rubberlike elasticity theory, cycle rank (w) and junction functionality (f) modulate the effect of the number of polymer chains
(v) on a hydrogel’s stiffness. A) Schematic representation of increasing cycle rank in simplified polymer networks. B) Schematic representation of junction functionality,
where red regions represent a network junction and blue lines represent the attached polymer chains. As junction functionality increases, more polymer chains connect at
each junction. C) As junction functionality increases, the difference between cycle rank and the number of polymer chains decreases, asymptotically converging as junction
functionality approaches infinity. As a result, the phantom network model becomes indistinguishable from the affine network model at high junction functionality.

ses. Flory included a correction term for the third case of chain-end
defects in the Flory-Rehner equation and later updated the term
for non-tetrafunctional junctions (Eq. (5)) [9,32]. Flory’s correc-
tion term differentiates between the elastically effective number
of chains (v, ) and the total number of chains (Ve ) in an imperfect
polymer network. When updating rubberlike elasticity models to
account for network imperfections, the elastically effective num-
ber of chains replaces the ideal number of chains in terms of strain
energy, but the total number of chains still describes the total poly-
mer mass in the hydrogel.

(4 M
Veff = (1 (fi— 2)Mn> Vtot (5)

Eq. (5) has been indiscriminately misapplied through use of the
Flory-Rehner equation with crosslinking schemes other than ran-
dom side-group crosslinking of precursor polymer chains [28,33].
To help correct such misuse, we propose a generalized term,
the frequency of chain-end defects (y) (Eq. (6)). With a general-
ized frequency of chain-end defects, the value can be calculated
independently for each crosslinking scheme. For example, the fre-
quency of chain-end defects in multi-arm PEG hydrogels could
be estimated based on the stoichiometry of PEG-bound functional
groups to crosslinking agent functional groups. Combining the gen-
eralized frequency of chain-end defects term with the phantom
network model update and converting the total number of polymer
chains to standard, measurable terms yields a general equation for
rubberlike elasticity in hydrogel systems (Eq. (7))

Veif = (1 =) Veot (6)

1 2 Vapa
AGpce=5RT (1% ) (1=) U (7)

In Eq. (7), AGpp, e represents the free energy of elastic deformation
in phantom-like networks with chain-end defects and V,; repre-
sents the dry volume of the polymer network.

2.3. Rubberlike elasticity in equilibrium swelling theory

As hydrogels swell to incorporate water, the polymer chains
in the network pull on each other, creating a net elastic energy
described by rubberlike elasticity theory. For the elastic free energy
transition of swelling to equilibrium, the relaxed state, in which
no force propagates through the network chains, must be defined.
According to the Peppas-Merrill model of equilibrium swelling, the
relaxed state immediately follows crosslinking [20,34]. If the poly-
mer volume fraction remains unchanged during the crosslinking
process, polymer chains are unlikely to stretch and accumulate
elastic energy (Fig. 2). Notably, this definition of the relaxed state
facilitates the application of rubberlike elasticity theory and equi-
librium swelling theory to hydrogels crosslinked in the presence of
solvent. Subsequent state changes such as swelling to equilibrium
in excess solvent or drying to remove all solvent stretch the poly-
mer network and change the elastic energy within the network.
Therefore, the change in volume or polymer volume fraction as a
hydrogel swells from the relaxed state to the swollen equilibrium
state defines the elastic free energy change (Eq. (8)).

2

AGy = %RT (1 - f) (1- )%’id 3(%) 3_3 (8)

In Eq. (8), AG,, is the free energy change of elastic deformation due
to hydrogel swelling, Vs is the volume of the equilibrium-swollen
hydrogel and V; is the volume of the hydrogel in the relaxed state.

To obtain the elastic chemical potential change (Apu,) with
respect to the number of water molecules, we assume that the
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Fig. 2. Schematic of relevant state changes in hydrogel swelling. In the uncrosslinked state, chains are not connected and therefore cannot exert force on each other.
Crosslinking results in a relaxed state as long as the polymer volume fraction remains unchanged. The addition of excess solvent drives swelling to free energy equilibrium.
For calculation of polymer volume fraction, a final drying step enables accurate measurement of the polymer network’s mass and volume.

polymer and solvent are incompressible (Eq. (9)) and partially dif-
ferentiate the free energy equation with respect to the number of
solvent molecules (nq) at equilibrium. Converting from volumes to
polymer volume fractions yields Eq. (10).

V.
V:Vd+n1N—; (9)
2 1
2 Vv 2 2
After = RT (17)(1% 100343 (10)
c

InEq.(10), ¢r represents the polymer volume fraction in the relaxed
state.

The elastic chemical potential change derived here for imper-
fect phantom-like polymer networks synthesized in the presence
of solvent will update the equilibrium swelling model in section 3.

2.4. Applied deformation of swollen polymer networks

In addition to the elastic component of equilibrium swelling,
rubberlike elasticity theory generally addresses how much a
swollen polymer network stretches in response to externally
applied forces. The elastic free energy change of deforming a
swollen polymer network derives from Eq. (7), but the elastic free
energy change of swelling to equilibrium (defined by Eq. (8)) and
from the relaxed state (AGe qef) must be considered to accu-
rately determine the free energy change upon deformation from
the swollen state (AGges) (Eq. (11)).

AGelydef — AGet = AGqer (11)

The total deformation from the relaxed state is the product of
the externally applied deformation (generalized as I; gf) and the
deformation from swelling. Evaluating the free energy of externally
applied deformation as the difference between total deformation
and the swelling deformation introduces a swelling-based scal-

2
ing term (VS /V:)?3 that would not have been included by naively
replacing Iy in Eq. (7) with Iy g4ef (Eq. (12)).

2

_1 2\ \Vapa (V53 _ (12)
AGuy = 5RT (1) (1= )82 (32) 3114y —3]

If the externally applied deformation does not change the total
volume of the hydrogel, the free energy change can be converted to
a strain-energy density function (W) by dividing by the volume of
the swollen polymer network. Ratios of dry, swollen, and relaxed
state volumes then convert to polymer volume fractions (Eq. (13)).
Comparison with the general Neo-Hookean strain-energy density
function shows that rubberlike elasticity theory describes a special
case of the Neo-Hookean hyperelastic model, giving a structural

rational behind the phenomenological shear modulus parameter
(G). Ultimately, the shear modulus and therefore the force needed
to stretch a hydrogel can be estimated based on hydrogel swelling
data and structural parameters (Eq. (14)) [35]. Eq. (14) significantly
updates Eq. (1) to provide precise predictions of elastic behavior in
real phantom-like swollen polymer networks.

2 1
_1 2y \Pd 3 3 _ (13)
W—ERT“ ]T)“ V)ﬁC(Pr (25 [Il,clef 3]
2 1
2 Pd 3 3 (14)
G=RT(1-2)1-y)£4
( f)( y)Mer ®s

2.5. Current limitations of rubberlike elasticity theory

Despite the advances in model development described in the
previous sections, further limitations of rubberlike elasticity the-
ory emerge from idealistic assumptions about the polymer chain
and its interactions with the environment [9-11,36,37]. Rubberlike
elasticity theory systematically neglects the effects of each polymer
chain’s length and molecular structure. While convenient for mod-
eling, these assumptions completely eradicate the possibility for
accurately analyzing the reasons behind differences in real polymer
networks. Instead, any influences from chain length distribution,
polymer chain stiffness, or higher-order bonding is instead misal-
located within the model, most often resulting in systematically
erroneous predictions of M.

While the ideal polymer network is uniform in terms of chain
lengths, all the models described here have also shown to be
applicable to networks with a narrow Gaussian distribution of
chain lengths. However, the analysis becomes more complicated
as the distribution spreads or becomes non-Gaussian altogether,
especially since non-Gaussian chain length distributions result
in non-Gaussian end-to-end length distributions and ultimately
disrupt the generalized function for the change in available con-
formations as a polymer chain is extended [38]. Experimentally,
hydrogels synthesized with bimodal chain length distributions cre-
ate stronger, more durable networks [10], but this result cannot
yet be explained or captured within a fundamental model without
invalidating the assumption of Gaussian chain length distribution.

Another requirement of the current rubberlike elasticity models
is that the contour length or fully extended length of each polymer
chain must be far greater than the end-to-end chain length. This
requirement is again associated with the available conformations
function because the available conformations drop much more
rapidly as the polymer approaches its maximum extension. Exper-
imentally, this assumption contributes to deviations from modeled
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hindrance and friction to polymer dynamics. These effects have not been addressed in quantitative hydrogel models.

values at high extensions as well as with highly crosslinked systems
that have short chain lengths.

According to Erman and Mark [10], the strain energy density
function of a polymer network does not change based on the
chemical structure of the polymer’s repeating unit. However, bulky
sidechains and highly grafted chains, nonlinear covalent bond
structures such as those found in sugars, and functional groups
capable of higher-order interactions all contribute to deviations
from the ideal entropic chain thermodynamics in real polymer net-
works (Fig. 3). As with the constrained junction model, attempts to
quantitatively incorporate these effects into rubberlike elasticity
models lead to unwieldy series approximations [10,37]. However,
the failure to account for these differences limits the ability to
compare different polymer systems. Further development of fun-
damental models of hydrogel mechanics will need to address the

hortcomings of rubberlike elasticity theory. A comprehensive
mechanical model must account for the effects of chain length,
non-Gaussian distributions, and structure-dependent flexibility,
especially since these influences are becoming more significant
within the expanding repertoire of hydrogel systems.

3. Equilibrium swelling theory
3.1. Free energy and chemical potential

Equilibrium swelling theory compares the thermodynamic
effects of adding more solvent into a swellable polymer network,
which can be found by partially differentiating each contribution
to free energy with respect to the number of solvent molecules (1)
(Eq.(15)). When the total chemical potential (At ) is zero, the net
flux of solvent molecules in and out of the system is zero, resulting
in the equilibrium swelling state

B(AGIOI) _ a(AGmix) + a(AGel)

=A = Allmix + A 15
an any an,y Meot Mmix e (15)

In Eq. (15), Aumix represents the chemical potential contribution
of polymer-solvent mixing.

In addition to the updates to the elastic chemical potential
described in section 2.3 (Eq. (10)), two advances have contributed
to a more accurate understanding of swelling equilibrium in hydro-
gels. First, the polymer-solvent interaction parameter for polymer
networks has been measured with increased accuracy, account-
ing for both the influence of polymer volume fraction and the
differences between a polymer network and uncrosslinked poly-
mer chains [39]. Second, additional chemical potential terms have
been introduced for special cases. Among the additional chemical
potential terms, the effect of an ionized solvent on a weak ionic
polymer network has received the most theoretical and experi-
mental development. The pH-dependent swelling behavior of weak
ionic hydrogels has made them especially useful in controlled
release applications [5,40,41].

3.2. Refining the polymer-solvent interaction parameter

The free energy of polymer-solvent mixing and the associ-
ated solvent chemical potential, first derived by Flory and Huggins
[9], (Egs. (16) and (17)) remain applicable in modern hydrogel
characterization. However, since the polymer-solvent interaction
parameter is a function of the polymer volume fraction [10,39],
it cannot be represented as the same constant value when par-
tially differentiated for the chemical potential equation. Therefore,
X is used in the free energy equation, and y is used in the chemi-
cal potential equation. yx is then represented as a serial expansion
withrespect to polymer volume fraction (¢) (Eq.(18)). Typically, the
first two coefficients (o and x7) are used since the polymer vol-
ume fraction-dependence is usually linear over the relevant range
of polymer volume fractions [39]. Notably, the polymer-solvent
interaction parameter is the average result of noncovalent and non-
ionic chemical interactions between the polymer and solvent, so it
accounts for hydrogen bonding between the polymer network and
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aqueous solution in hydrogels. It does not account for hydrogen
bonding between two of the polymer network’s repeating units,
which would manifest as a higher-order mechanical contribution.

AGpix = kpT[n1 In(1 — @) + xn1¢] (16)
In Eq. (16), k;, is the Boltzmann thermodynamic constant.
Aptmix = RT[In(1 — @) + ¢ + x¢?] (17)

X=X+ X190+ X2¢% + ... (18)

While the polymer-solvent interaction parameter was originally
assumed to be identical for uncrosslinked polymers and polymer
networks comprised of the same repeating units, the structural
and chemical influences of crosslinking may reduce the effective
affinity between polymer and solvent. McKenna and Horkay [39]
used a combination of swelling and mechanical testing experi-
ments to evaluate the polymer-solvent interaction parameter of
PVA networks, finding that yo and x; differ for PVA networks and
uncrosslinked PVA chains (Fig. 4). The mechanism driving these dif-
ferences has not been determined and should be further validated
on other hydrogel systems.

3.3. Ionic chemical potential contributions

Reversible pH-dependent swelling of weakly ionic hydrogels
introduces a third chemical potential term for equilibrium swelling
in hydrogels [42] (Eq. (19)). Like mixing and elastic contributions,
the ionic term (A ., ) depends on the balance of solvent molecules
inside and outside the polymer network system. The ionic chemical
potential across the surface of the hydrogel scales with the con-
centration difference of positive and negative charges inside and
outside the hydrogel (Eq. (20)).

Apiror = Afbmix + Afder + Afdion (19)
A _ " _ .
VlR“;"n = Cger t Cger ~ Cso1 ~ Csol (20)

In Eq. (20), Ceel is the concentration of negative ions in the hydro-
gel, c;el is the concentration of positive ions in the hydrogel, c_, is

the concentration of negative ions in the solution, and c;:)l is the
concentration of positive ions in the solution.

The dominant model for evaluating charge distributions
between a hydrogel and its surroundings was adapted from Donnan
theory for mobile ion distributions across semipermeable mem-
branes (Fig. 5). Donnan equilibrium requires equivalent charge
ratios for mobile ions (Eq. (21))

+
C C
1
m,sol _ ril,ge (21)
ch c
m,gel m,sol

In Eq. (21), C;LSO, is the concentration of mobile positive ions in the
solution, C;’gel is the concentration of mobile positive ions in the
hydrogel, Con.gel
hydrogel, and Con.sol is the concentration of mobile negative ions in
the solution.

For the limited system of a simple anionic or cationic repeating
unit in the polymer network and a 1:1 free electrolyte in solution,
equation (20) can be solved analytically in terms of the solution’s
ionic strength (I) and the concentration of polymer-associated
charges using Donnan equilibrium theory. First, for an excess of
solution at ionic equilibrium outside the hydrogel, the concentra-
tion of ions in the solution is unaffected by the presence of the
hydrogel, meaning that the mobile ion charge in the solvent and
the total ion charge in the solvent are both equivalent to the ionic
strength for a solution of 1:1 electrolytes (Eq. (22)).

is the concentration of mobile negative ions in the

+ — —r —t
Cm,sol - Cm,sol - Csol - Csol =I (22)
Second, the ion concentration in a gel cannot be measured
directly, but at equilibrium the total concentration of positive and
negative charges within the hydrogel must be equal. For an anionic
polymer network (signs would be inverted for a cationic polymer
network), the total and mobile ion concentrations at equilibrium
are related through Eq. (23).
+ —ct o —c - -
Cgel - Cm,gel - Cm,gel + Cpolymer, gel — Cgel (23)
Third, the polymer-associated charge concentration, if there is
one charged group per polymer repeating unit, can be calculated
from the swollen polymer volume fraction (Eq. (24)).

_ 195 g
Cpolymer, gel = M, (24)

In Eq. (24), i is the degree of ionization of the hydrogel and M; is
the molecular weight of the repeating unit.

Combining Eqs. (20)-(24) yields the ionic chemical potential
term for swollen polymer networks that unites previous work by
Flory [9], Brannon-Peppas and Peppas [42], and Horkay, Tasaki,
and Basser [43,44] (Eq. (25)). A notable feature of the new ionic
chemical potential term is stability at low ionic strength. The
Brannon-Peppas ionic chemical potential term, by comparison,
results in unrealistically high predictions of swelling ratio at low
ionic strength (Fig. 6).

N =

Alkion _ o2 Qs 04 > (25)
ViRT =2[I +(72Mr )] =21

For weakly ionic polymers such as poly(acrylic acid) (PAA) and
poly(diethylaminoethyl methacrylate) (PDEAEMA), the degree of
ionization (i) ranges from O to 1 based on the solution’s pH. Weak
anionic polymers become charged at high pH (Eq. (26)), and weak
cationic polymers become charged at low pH (Eq. (27)). Notably,
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neutral polymers always have a degree of ionization of zero, causing
Eq. (25) to reduce to zero regardless of ionic strength.
. Kq
= ———

107PH 1 K,
In Eq. (26), Kq is the acid dissociation constant, and pH is the power

of hydrogen or hydronium ion concentration ratio in aqueous solu-
tion.

(26)

Ky
l= ———FFF——
107POH 4

InEq.(27), Ky is the base dissociation constant, and pOH is the power
of hydroxide ion concentration ratio in aqueous solution.

Certainly, the requirements for 1:1 electrolyte solutions and
simple ionic polymer repeating units limit application to polymer
networks with complex charge distributions and to physiologically
relevant buffered solutions. Notably, ionic hydrogel interactions
with divalent ions such as calcium ions have the potential for tran-
sient ionic crosslinking or effectively permanent ionic crosslinking
with trivalent ions [43,44]. Even within this simplified framework,
there remains the confounding potential for counterion condensa-
tion at high electrolyte concentrations [43-46]. Furthermore, when
considering this model in the full summation of chemical poten-
tials at swelling equilibrium, the presence of electrolyte invalidates
the assumption of a two-component system, creating an associated
error in the mixing term. We anticipate that future research into the
swelling of ionic polymer networks from the fundamental perspec-
tive of multiple chemical potentials will push past the limitations of
the Donnan equilibrium theory approach and develop fundamen-
tal predictions for swelling behavior even in the context of buffered
solutions and the presence of multivalent ions.

(27)

3.4. Other possible chemical potential terms

The current system of predicting swelling as the sum of chem-
ical potential contributions does not exclude the possibility of
other chemical potential terms beyond those described above.
Horkay and colleagues proposed a term that accounts for the
presence of densely crosslinked microclusters within an otherwise-
homogeneous hydrogel [47]. Temperature-dependent solubility
may warrant another term with similar behavior to the pH-
associated ionic term. New hydrogel systems may produce new
or significantly enhanced effects that could compete with the
established chemical potential terms that guide the current under-
standing of hydrogel swelling. For incorporation into equilibrium
swelling theory, these effects must be quantified and modeled as
novel chemical potential terms or modifications to the existing
chemical potential terms.

3.5. Prediction of molecular weight between crosslinks

From the summation of mixing chemical potential, elastic
chemical potential, and ionic chemical potential at equilibrium,
measurements of the polymer volume fraction in the relaxed state
and the equilibrium swollen state enable prediction of the molec-
ular weight between crosslinks (M.). (Eq. (28)).

N =

Qs pg )

2
In(1 — @5)+ g5 + x93 ~ 2V3 {12 +(% ] vauil

<

(28)

—

1
M.

Wl N

(1= %) (1- yVapag? 03

While equilibrium swelling theory provides a powerful tool
for predicting the structure of a swollen polymer network, quan-
titative models of equilibrium swelling rely on many idealized
and conditional assumptions, and by applying these equations
to the analysis of real systems, a broad collection of theoretical
and experimental errors may be incorporated in the results. How-
ever, equilibrium swelling theory corroborates many insightful
studies about the mechanisms behind swollen polymer network
behavior and contributed significantly to the design of advanced
hydrogel systems. With ongoing improvements to address quickly
expanding hydrogel synthesis capabilities, there is no doubt that
equilibrium swelling theory will continue to guide precise design
for a wide range of hydrogel systems.

4. Mesh size theory
4.1. Effective solute diffusivity in hydrogels
In addition to their mechanical and swelling properties, hydro-

gels are valued for their ability to modify the transport of solutes
in aqueous solution [4,5,48]. In controlled release from a hydro-
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gel reservoir, transport cannot be simplified to purely diffusive
behavior since it is also affected by the chemical potential gradi-
ent, convective flow at the surface, and potential binding behavior
between the polymer network and the solute. However, transport
within the bulk of a homogeneous hydrogel can be assessed in
terms of effective diffusivity since there is usually little to no con-
vective flow, no chemical potential gradient at steady state, and
binding behavior should be homogeneous within the system. In
this regime, one may begin to assess what physical properties of
the swollen polymer network and the solute affect the effective
diffusivity of the solute within the hydrogel.

4.2. Experimental methods for studying mesh size theory

Two experimental techniques measure effective diffusivity of
solutes in hydrogel without relying on release from the hydrogel to
asampling reservoir or creating an artificial chemical potential gra-
dient. Fluorescence recovery after photobleach (FRAP) has become
the most common technique for characterizing diffusivity of
fluorescently labeled solutes within a hydrogel matrix [19,49-54].
In a typical FRAP experiment, a powerful laser photobleaches a
region of the sample, and diffusivity is measured as an average
result of the recovery of fluorescence within that region, primarily
through Brownian motion of unbleached fluorescent molecules
into the target area. FRAP is broadly applicable in that it can be
performed on most confocal laser scanning microscopes and with
any fluorescent probe capable of photobleaching. Similarly, the
analysis has been optimized for a broad set of conditions, with the
most powerful analysis technique for diffusion within hydrogels,
developed by Jonsson et al. in 2008, readily available as a MATLAB
program [49,55].

Fluorescence correlation spectroscopy (FCS) complements FRAP
by correlating diffusivity coefficients from the residence times of
fluorescent particles moving through a small, static illuminated
volume [18,56-58]. As a result of the unchanging measurement
position, this method is more sensitive to microscale hetero-
geneities in the hydrogel structure than FRAP. FCS does not need
the high-powered laser used in FRAP, and data is collected at much
lower fluorophore concentrations. However, FCS cannot resolve
data from disperse solutes, rendering the dextran-conjugated
fluorescein isothiocyanate (FITC-dextran) probe often used in
FRAP and controlled release experiments unusable in FCS exper-
iments. While FRAP is the more universal tool, FCS characterizes
the diffusion of fluorescently labeled proteins through hydrogels
with greater precision, which might make it more appropriate
for studies that evaluate hydrogels as temporary replacements
for damaged extracellular matrix. Increased use of both FRAP and
FCS will improve the quality of data describing solute diffusion in
hydrogels, leading to further refinement of mesh size theory and
improved design of hydrogel-based extracellular matrix mimics
and controlled release systems.

4.3. Evaluating mesh size from swelling data

The effects of a swollen polymer network on solute diffusiv-
ity are often discussed in terms of the mesh size (£), also known
as the average correlation length of a chain in the swollen poly-
mer network [19,28,33,59,60]. To date, no technique provides the
resolution to directly measure mesh size without removing the sol-
vent, so all analysis of mesh size has been performed by correlation.
While the most powerful mesh size correlation technique may use
small-angle neutron scattering [61], the most accessible technique
is based upon interpretation of swelling data. This approach is pop-
ularly associated with Canal and Peppas [62], and the resulting
equation has been called the Canal-Peppas equation (Eq. (29)).

1 1
E=¢, 3 (lZCn 2MC) 2 (29)

M;

In Eq. (29), l is the polymeric carbon-carbon bond length, and G, is
the polymer-specific characteristic ratio for a chain of n repeating
units.

We propose several updates to improve the Canal-Peppas
equation. As with the Peppas-Merrill equation, the Canal-Peppas
assumes affine network behavior. Converting to a phantom
network model introduces a functionality-dependent relaxation
factor. For chains long enough to form Gaussian chain distributions,
as previously assumed when deriving mechanical relationships, the
characteristic ratio converges to Cy, which is no longer dependent
on the length of the chain. Additionally, the factor of two in the
equation represents the two chain backbone bonds per repeating
unitin a vinyl polymer. We generalize this value for non-vinyl poly-
mers by replacing the two with a backbone bond factor (). As an
example, PEG chains would have a backbone bond factor of 3. When
the relevant bond length is no longer based only on carbon-carbon
bonds, Flory recommended a weighted average of the bond lengths
per repeating unit (I) [9]. Including these changes produces a more
accurate and universal version of the Canal-Peppas equation (Eq.
(30)).

1
1 _ —
-3 2\ 2. AM\2 (30)
=¢ 3 (1 - —)l Coo -t
§=¢ ( 7 M,
4.4. Hydrodynamic, free volume, and obstruction models

Any understanding of how solutes diffuse in a hydrogel must
first address how solutes diffuse in water. The Stokes-Einstein
equation [54] (Eq. (31)) describes solute diffusion in a solvent with-
out net fluid flow based on the solute’s effective radius (rs) and the
solvent’s viscosity (n). In mesh size theory, Eq. (31) is used to cal-
culate Dy, the diffusivity coefficient of the solute in water. Basic
hydrodynamic models such as the Cukier model describe scaling
corrections to the diffusivity coefficient of solutes in a mixture of
polymer and solvent [63].

kyT

= 31
67Tnrs (31)

0

By expanding upon hydrodynamic models with additional con-
siderations for the physical effects of swollen polymer networks,
two competing models have dominated discussion of mesh size
theory, each with significant experimental and theoretical support
acquired over decades of study. The free volume model, introduced
by Peppas and colleagues [14,64], presents the swollen polymer
network as a dynamic lattice structure that yields transient free
volumes that solutes can diffuse through if their trajectory aligns
with the available free volume. In the scaling free volume model of
Lustig and Peppas [65] (Eq. (32)), mesh size acts as a limiting fac-
tor to the size of the solute that can pass through the network, and
polymer volume fraction correlates to the probability of a solute
interacting with the polymer network as it moves within the hydro-
gel. The scale factor Y results from the free volume-normalized
volume displacement for each diffusional jump and therefore may
be approximated as unity [65]. Notably, this free volume model
predicts nonphysical negative diffusivities for solutes whose radii
exceed the mesh size, clearly indicating that broad practical appli-
cation of the free volume model would require further development
and system-specific analysis to ground the scaling relationship.

D Ts

b, =13

Dy ]exp {—Y*L} (32)

1-¢
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data. [15], Copyright 2019. Reprinted with permission.

In Eq. (32), D represents the diffusivity of the solute within the
swollen polymer network.

The competing obstruction scaling model, initially developed
by Ogston et al., [66] evaluates the polymer chains in the network
as relatively large fibers that obstruct solute motion. As such, the
mesh size is assumed to be too large to have an effect, and solute
diffusivity scales with the fiber radius (r7) and the polymer volume
fraction (Eq. (33)).

1
b —(rs+717) = 33
Do — exP[Tﬁoz ] (33)

Perhaps because solute transport in hydrogels is such a critical
issue in several biomedical applications, many groups have inde-
pendently attempted to improve the quantitative models following
Ogston and Peppas. Amsden provided an extensive review of quan-
titative models developed before 1998 [16], broadly classifying the
models for application to homogeneous or heterogeneous hydro-
gels based on the polymer network’s rigidity. A following review by
Masaro and Zhu [67] discusses the existing models within the the-
oretical categories of obstruction models, hydrodynamic models,
and free volume models.

Following these comprehensive reviews, Amsden developed an
obstruction model that incorporated mesh size [68]. Recently, Axpe
et al. coordinated the Amsden model and the free volume model to
form the multiscale diffusion model in an attempt to continuously
estimate solute diffusivity in hydrogels as solute sizes scale from
near the size of the polymer fiber radius to near and above the
mesh size [15] (Eq. (34)). Notably, the multiscale diffusion model
captures a local spike in normalized diffusivity that occurs at the
transition between the dominant length scales (Fig. 7), though this
result should be further tested with FRAP and FCS on a broad range

of hydrogel systems and solutes to validate its universality. The key
experimental technique supporting the multiscale diffusion model
is the characterization of free volume spaces using positron anni-
hilation lifetime spectroscopy (PALS). According to Axpe et al., the
radius of free volume spaces in a swollen polymer network (rgy)
determines the extent to which solutes diffuse through a free vol-
ume mechanism or an obstruction-limited mechanism. Like the
simplifying assumption that Y = 1 in the free volume model, Axpe
et al., suggest that the free volume radius in hydrogels may be
approximated as the free volume radius in water (rgyyy = 0.269 nm)
in the absence of PALS data.

D _ Try * Ts 3 %
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As noted by the authors, this multiscale diffusion model still
fails to address the influences of shape in the solute, the free vol-
ume void spaces, and the mesh openings presented by the polymer
network. However, this was the first study to theoretically and
experimentally resolve long-standing inconsistencies between free
volume models and obstruction models, marking a milestone in the
development of mesh size theory.

4.5. Further questions in mesh size theory

Despite the convergence of models described above, several fac-
tors affecting solute diffusion in hydrogels remain ‘open questions’
in mesh size theory. While the various models thoroughly address
the effects of size and scale, solute shape and network topology
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structure blocks the solute’s motion.

should cause significant effects, especially when the size of the
solute is similar to the mesh size. The Stokes-Einstein equation
sets the precedent for ignoring solute shape by approximating all
solutes as hard spheres, but the flexible polymer-based reptation
model of diffusion discussed by de Gennes [69] suggests that mesh
size theory could be updated for a variety of solute shapes.

Network topology can be initially addressed by updating the
model with junction functionality-associated scaling parameters.
To understand the effect network topology might have on solute
diffusivity, consider two swollen polymer networks. They have
equivalent mesh sizes, but one has a junction functionality of four
and the other has a junction functionality of six. The network
structure that the solutes diffuse through will have more angular
openings in the higher functionality network, leading to a greater
probability of immobilizing the solute (Fig. 8). How significantly
solute diffusivity would change in response to junction function-
ality is unclear and may require further insightful experimental
studies to establish trends fit for modeling.

As the mesh size theory models become more precise and
comprehensive, lesser contributions of statistical mechanics or
additional system-specific properties will become relevant, espe-
cially if mesh size theory follows the developmental trends of
rubberlike elasticity theory and equilibrium swelling theory. The
effects of bulky side groups and complex chain structures (Fig. 3)
must also be modeled in mesh size theory, possibly with the same
methods that may eventually arise for rubberlike elasticity the-
ory and equilibrium swelling theory. Obstruction models partially
incorporate the bulkiness of side groups in the fiber radius term,
but even this approach may be missing some of the nuance associ-
ated with side-group structure, such as in cases of copolymers with
a bulky repeating unit and a narrow repeating unit.

Discussion toward a universal model for solute diffusion within
hydrogels would not be comprehensive without addressing the
complex chemical interactions of a three-part solute-solvent-

network system. These interactions are far less universally
tractable than the questions of size and shape, which has led
many researchers in the field to use polymers and solutes that
minimize chemical interactions, such as PEG and FITC-dextran
[21,50,52,54,70]. However, many of the most interesting proper-
ties of biotransport rely on reversible binding between the polymer
and solute, such as cytokine sequestration by extracellular matrix
components. Though equations have been developed for these con-
ditions, they rapidly increase in complexity and therefore have not
seen widespread adoption [71]. For example, Sakiyama-Elbert and
Hubbell developed a model of heparin-bound growth factor release
that requires simultaneous solution of six differential equations
with three separate diffusivity coefficients [72]. Rossi et al., describe
a combined diffusion and adsorption model, but the influence of
the gel structure is modeled as a general porosity term [73]. Addi-
tionally, ionized hydrogels may provide an alternative transport
mechanism forionic solutes, wherein solutes travel faster or slower
than free diffusion when carried along charged polymer chains
[45,46,74]. Current fundamental models either ignore these effects,
creating systematic errors, or average them into the overall effec-
tive diffusivity, making the model more empirical. Future models
of mesh size theory will need to efficiently characterize chemical
factors and mechanisms of solute transport in hydrogels.

5. Conclusions

Here we present updates to three fundamental theories relating
structure and function in hydrogels through the uniting perspective
of the swollen polymer network hypothesis.

While the equations described in this review include exten-
sive assumptions and unrealistic generalizations about swollen
polymer networks, they also formalize a deep body of accumu-
lated theoretical and experimental knowledge on polymer network
properties. Unlike simulated and machine learning approaches, the



N.R. Richbourg and N.A. Peppas / Progress in Polymer Science 105 (2020) 101243 13

formal modeling approach provides clear and specific opportuni-
ties for improvement and a logical, fundamental basis for each
component. In reviewing the current state of the polymer net-
work hypothesis, we record a benchmark in the ongoing process
and anticipate further refinement in both accuracy and breadth of
application.

Egs. (14), (28), (31), and (34) reveal the extensive parallelism
between swelling, mechanical, and diffusive properties in hydro-
gels. Taken together, these equations indicate that a hydrogel’s
swelling data could be used to predict the hydrogel’s stiffness and
the diffusivity of solutes within the hydrogel.

In hydrogel quantitative modeling, issues of size and scale have
made considerable progress. Hydrogel stiffness scales with the
number of chains as originally suggested by rubberlike elasticity
theory, but with additional considerations of the phantom-like net-
work model, chain-end defects, and the effects of solvent dilution
during synthesis. Equilibrium swelling, when modeled as the result
of additive chemical potential terms, interprets the influences of
polymer and solvent mixing, chain elasticity, and ionic charges
from fundamental thermodynamic relationships. The multiscale
diffusivity model predicts solute transport in hydrogels based on
the relative sizes of the solutes, free volume voids, and the hydro-
gel’s mesh.

Looking forward, the greatest questions remain in shape and
higher-order interactions. How do bulky and complex polymer
repeating units affect swollen polymer networks? What can be
learned about swollen polymer network behavior by isolating the
effects of junction functionality? To what extent does the swollen
polymer network hypothesis apply to natural biopolymer systems
such as gelatin or alginate hydrogels? The answers to these ques-
tions will be critical in developing fundamental models for the
physical properties of the next generation of precision hydrogel
biomaterials.
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